We complete the list of one loop renormalization group equations and matching conditions relevant for the computation of the electroweak precision parameters S and T in the three site Higgsless model. We obtain one-loop formulas for S and T expressed in terms of physical observables such as the KK gauge boson mass M W ′ , the KK fermion mass M , and the KK gauge boson (W ′ ) couplings with light quarks and leptons g W ′ f f . It is shown that these physical observables, M W ′ , M and g W ′ f f are severely constrained by the electroweak precision data. Unlike the tree level analysis on the ideally delocalized fermion, we find that perfect fermiophobity of W ′ is ruled out by the precision data. We also study the cutoff dependence of our analysis. Although the model is nonrenormalizable, the dependence on the cutoff parameter Λ is shown to be non-significant.
I. INTRODUCTION
Does a scalar Higgs boson necessarily exist as required in the standard model? Higgsless models [1] provide a negative answer to this question, achieving the electroweak symmetry breaking (EWSB) without invoking an elementary Higgs particle [2] . The unitarity of longitudinally polarized W and Z boson scattering is effectively maintained beyond the TeV energy scale by the exchange of an infinite tower of massive spin-1 particles [3, 4, 5, 6] , rather than a spinless Higgs boson. These massive spin-1 particles may be provided as Kaluza-Klein (KK) modes (W ′ , W ′′ , W ′′′ · · · , Z ′ , Z ′′ , Z ′′′ · · · ) of five dimensional gauge fields compactified on a TeV scale interval with appropriate boundary conditions [7, 8, 9, 10] . Deconstruction [11, 12] of extra dimensions enables us to construct four dimensional gauge invariant phenomenological models which approximate the five dimensional Higgsless theories. The deconstructed Higgsless models [13, 14, 15, 16, 17, 18, 19] (or linear Moose [20] models) can be used as tools to compute the low energy properties of Higgsless theories below the cutoff scale.
Higgsless models are often regarded as "dual" [21, 22, 23, 24] to models of dynamical EWSB [25, 26] such as "walking technicolor" [27, 28, 29, 30, 31, 32] . The deconstructed version of the Higgsless model possesses extended electroweak gauge symmetries, which can be thought as analogues of hidden local symmetries (HLS) [33, 34, 35, 36, 37, 38] and the vector limit symmetry [39] in the dynamical chiral symmetry breaking of QCD. The gauge sector of the Higgsless model therefore has some similarities to the BESS models [40, 41] .
Any phenomenologically viable EWSB model should satisfy constraints from the precision electroweak parameters [42, 43, 44] . An analysis in a very general class of linear Moose model shows that a Higgsless model with brane localized fermion cannot satisfy simultaneously both unitarity bounds and precision electroweak constraints at tree level. [19] Delocalizing fermions within the extra dimension may reduce significantly the sizes of electroweak corrections. [45, 46, 47, 48] In the deconstruction language the delocalizing fermions may be achieved by allowing fermions to derive electroweak properties from more than one site over the deconstruction lattice. [49, 50, 51] It has been shown that, for an arbitrary Higgsless model with "ideally" delocalized fermions [51] , three (Ŝ,T , W ) of the leading zeromomentum precision electroweak parameters defined by Barbieri et al. [52, 53] vanish at tree level. Moreover, the ideal delocalization implies fermiophobic W ′ . Presently existing direct W ′ searches cannot be applied for such a fermiophobic W ′ boson. The strongest constraints on the W ′ and Z ′ masses in the Higgsless models then come from the limits on deviations in multi-gauge-boson vertices. [54, 55] Recently, a three site Higgsless model [56] has been proposed. This theory incorporates only three sites on the deconstruction lattice, and may be regarded as the simplest deconstructed Higgsless model. The three site model possesses the same gauge group structure as that of the BESS model [40, 41] . The new interest is aroused in its fermion sector such as the fermion delocalization. The fermionic loop correction to the ρ parameter (T parameter) has been calculated in the Higgsless model. [56, 57] With the aid of electroweak chiral Lagrangian [58, 59, 60, 61, 62, 63] , and using the technique described in [37, 38] , the bosonic chiral logarithmic loop corrections [64, 65] to the electroweak precision parameters have been evaluated in [66, 67, 68, 69] .
In this paper, we further investigate the structure of one loop radiative corrections in the three site Higgsless model, and present the complete list of one loop renormalization group equations and matching conditions relevant for the computation of S and T including all of fermionic-and bosonic-loop corrections. We obtain oneloop formulas S and T expressed in terms of physical observables such as the KK gauge boson mass M W ′ , the KK fermion mass M , and the W ′ couplings with light quarks and leptons g W ′ f f . It is shown that the W ′ f f couplings and the KK fermion mass are severely constrained by the electroweak precision parameters. Unlike the tree level analysis on the ideally delocalized fermion, we find that the W ′ boson needs to have non-vanishing coupling with light fermions in order to satisfy the precision electroweak constraints. The dependence on the ultraviolet cutoff parameter is also studied. In spite of the non-renormalizability of the model, we find the cutoff dependence is not significant in the numerical analysis.
The next section of the paper introduces the gauge sector Lagrangian, the symmetry breaking sector Lagrangian, and the fermion sector Lagrangian. We present the fermion sector Lagrangian above the KK fermion mass scale M and obtain the effective fermion sector Lagrangian after integrating out the KK fermion fields below M . A new operator x ′ 1 , which affects the on-shell W ′ f f coupling strength, needs to be introduced to absorb the one loop divergence. In Section III, we summarize the renormalization group equations relevant for the computation of S and T parameters. Section IV is for the matching conditions to the electroweak chiral Lagrangian. Section V then gives our final results on the S and T parameters expressed in terms of physical observables. We then compare our formulas with the precision electroweak data in Section VI, and find that the W ′ f f couplings and the KK fermion mass are severely bounded. Especially, it is shown that the precision electroweak data reject the perfect fermiophobity of the W ′ boson. Section VII summarizes the results of our analysis. The renormalization group equation of the operator x ′ 1 is derived in the Appendix A.
II. THREE SITE HIGGSLESS MODEL
In this section we make a brief review on the three site Higgsless model [56] . Higher order counter terms, as well as the lowest order Lagrangian terms, are introduced so as to subtract one-loop divergences.
A. Gauge symmetry and its breaking
We first consider the gauge sector Lagrangian in the three site Higgsless model. The Moose diagram of this model is illustrated in Figure 1 . The model incorporates SU (2)×SU (2)×U (1) gauge fields V iµ (i = 0, 1, 2) and two SU (2) non-linear sigma model fields U i (i = 1, 2). The VEVs U 1 and U 2 break the gauge symmetry down to U (1) em . The model therefore possesses W ′ and Z ′ bosons, identified as the KK gauge bosons, in addition to the usual W , Z and photon. The corresponding lowest order Lagrangian L 2 is given by where D µ U i and V iµν are defined as
The first two gauge fields (i = 0, 1) correspond to SU (2) gauge groups,
while the last gauge field (i = 2) corresponds to U (1) group embedded as the T 3 generator of SU (2),
The violation of the global SU (2) invariance in Eq.(II.5) causes an SU (2) violating one-loop divergence. We subtract this divergence by introducing a counter term [67] ,
The counter term Eq.(II.6) is of O(p 2 ) in the usual chiral perturbation order counting rule [64, 65] . This situation is similar to the custodial SU (2) symmetry violation in the electroweak chiral Lagrangian. [58, 59, 60, 61, 62, 63] .
Other one-loop divergences arising from the lowest order Lagrangian Eq.(II.1) are invariant under the global SU (2) symmetry. In order to subtract these SU (2) invariant one-loop divergences, we introduce appropriate counter terms [67] 
with
(II.8)
These terms are of O(p 4 ) in the conventional chiral perturbation order counting rule. Again, the situation is similar to the electroweak chiral Lagrangian.
Reflecting its coarse deconstruction, the delay of unitarity violation is shown to be modest in the lowest order three site model Eq.(II.1): the unitarity in the elastic W L W L scattering amplitude is violated at 2TeV for f 1 = f 2 with this setup. [70] It is expected, however, if the higher order operators Eq.(II.8) are included in the analysis, unitarity may hold up to a higher energy scale.
B. Fermion sector above M
We next turn to the fermion sector. Quantum numbers of quark/lepton fields are summarized in Table I . The superscript n = 1, 2, 3 specifies the generation of quarks and leptons. The chiralities are denoted by subscript L and R. Mass terms of these fermion fields are assumed to be
and
Here, for simplicity, we incorporate Yukawa coupling of U 2 only for the top quark. The other light quarks and leptons thus remain massless in this setup. It is straightforward to obtain realistic masses of quarks and leptons (and CKM mixings) by allowing more general Yukawa couplings with U 2 , however. We also assumed m 1 and M are n-independent (generation independent). This ensures the suppression of FCNC through the GIM mechanism even when we introduce more general U 2 Yukawa couplings. We assumed m 1 and M are quark-lepton universal. As we will discuss later, the ratio m 1 /M affects the W couplings with ordinary light quarks and leptons. The universal m 1 /M thus guarantees the quark-lepton universality of the W couplings. In order to renormalize the one loop divergences arising from the Yukawa couplings in Eq.(II.10), we need to introduce
We also need to introduce
for the renormalization of the one loop divergences arising from the Yukawa coupling in Eq.(II.11).
C. Fermion sector below M
We assume
The KK fermion mass is well approximated by the Dirac mass M in this limit. We see that the KK fermions are largely made from q n,1 L,R and ℓ n,1 L,R . It is easy to integrate out these KK fermion fields q n,1 L,R and ℓ n,1 L,R . The low energy effective theory below M is described by
in addition to the light fermion kinetic terms and the gauge sector Lagrangians Eqs.(II.1), (II.6) and (II.8).
In order to renormalize the one-loop divergences arising from the fermion Lagrangian Eq.(II.17), we introduce counter terms
At the scale µ = M , these parameters are determined as
Note that the operator x ′ 1 leads to non-trivial corrections to the W ′ couplings with light fermions at the mass-shell of the W ′ boson.
III. RENORMALIZATION GROUP EQUATIONS
We are now ready to discuss one-loop ultraviolet divergences arising from the lowest order Lagrangian. Similarly to the usual chiral perturbation theory [64, 65] , these divergences can be subtracted through the renormalization of higher order counter terms. The renormalized parameters then depend on a choice of the renormalization scale µ. The renormalization group equations arising from the bosonic chiral loop corrections have already been reported in Ref. [67] . In this section, we report our newly derived results on the fermionic loop diagrams in the three site Higgsless model, as well as the bosonic loop diagrams.
A. Above KK fermion mass M Performing the standard MS renormalization, we find
for O(p 2 ) parameters, and
for gauge coupling strengths. Here N g and N c denote the numbers of generations and colors, respectively, 8) and the SU (3) c gauge coupling is denoted by g s .
We also obtain [67] 
for O(p 4 ) terms. We assumed β (2) ≪ 1 in these expression. Effects of O(β (2) ) are suppressed in the RHSs of these renormalization group equations. The bosonic loop terms in these expressions have already been reported in Ref. [67] . The fermionic loop effects, proportional to N g and/or N c , are newly derived in the present study.
The Dirac mass M , the Yukawa couplings m 1 and m ′ t also depend on the renormalization scale µ. For the third generation quarks, we find 
(III.17) In a similar manner, we find
for the first and second generation quark fields, and 
is, on the other hand, universal to all fermions other than the third generation quarks. An implication of this fact will be discussed in the next subsection. We next summarize the renormalization group equations for the one-loop generated operators listed in Eq.(II.13). We find
(III.24)
In a similar manner, the top quark Yukawa coupling m
at the one loop level.
B. Matching at the KK fermion mass scale M
The effective theory parameters in Eqs.(II.16)-(II.18) can be determined through the matching conditions at the KK fermion mass scale M ,
and Loop level corrections to the matching conditions of f 2 1,2 and α (i)j are also suppressed by 1/(4π) 2 , which can be safely neglected in the evaluation of αS and αT . It is easy to see that the matching conditions of f 2 1,2 and α (i)j are trivial at the tree level.
The matching condition of β (2) needs to be treated more carefully. The one-loop corrected matching condition of β (2) is
(III.32) The non-trivial correction arises from the KK top-quark loop diagram [56] . As we will see later, the large value of m The renormalization group equations of other O(p 2 ) coefficients are
(III.38)
We also find the renormalization group equations for the gauge coupling strengths,
The renormalization group equations for α (i)j are unchanged, i. 
where
There also exists a custodial symmetry violating O(p 2 ) operator
are also introduced in the two-site model.
Using the technique described in Ref. [67] , we find matching conditions,
at the scale
We next consider the renormalization group flow in the two-site model. The renormalization group equations of the two-site model are given by
(IV.14)
(IV.19)
V. S AND T PARAMETERS
We are now ready to evaluate S and T parameters in the three site Higgsless model. These parameters are defined as the deviations from the standard model,
with α SM 1 (µ), β SM (µ) being the low energy chiral coefficients of the "reference" standard model with a "reference" heavy Higgs boson mass M H,ref ,
The running of α 1 is described by Eq.(IV.15). We readily find
Combining this expression with Eq.(V.1) and Eq.(V.3), we obtain
We next turn to the T parameter. Eq.(IV.12) reads
Note that
The second term in the RHS of Eq.(V.7) can thus be neglected safely. We then obtain
and thus
We next use the matching conditions Eq.(IV.6) and Eq.(IV.9), and obtain
with κ being defined as
(V.14)
In Eqs.(V.11) and (V.12), g 0 , g 1 , x 1 , α (1)1 and α (2)1 are renormalized at the scale
with f being the electroweak scale f ≃ 250GeV. It is possible to express these S and T formulas in terms of the parameters renormalized at the KK fermion mass scale M . Using the renormalization group equations given in Section III.C, we obtain
at the one loop level. We have neglected running of the weak gauge coupling constant g 0 in these formulas. Taking κ = 1, we find
We now compare Eqs.(V.18) and (V.19) with those given in Refs. [66, 67] . Note that the effective theory used in Refs. [66, 67] does not include the KK fermion. This theory is therefore valid only below the KK fermion mass scale M . The cutoff scale used in Refs. [66, 67] should then be regarded as the KK fermion mass scale M . It is easy to see that Eqs.(V.18) and (V.19) correspond exactly to those found in Refs. [66, 67] .
Note that Eqs.(V.18) and (V.19) are written in terms of the parameters renormalized at the KK fermion mass scale. These parameters are not directly related with the on-shell observables, however. In order to perform a more sensible phenomenological fit, we next express S and T in terms of on-shell observables.
We first consider the S parameter. In order to determine the value x 1 (µ = M W ′ ) in Eq.(V.11), we use 
Note here that the operator x ′ 1 makes non-trivial correction to the on-shell g W ′ f f couplings. Due to the large value of M W ′ , the effect from x ′ 1 turns out to be numerically significant.
Note that the delocalization coefficient x 1 can always be tuned [49, 71] so as to minimize the S parameter in Eq.(V.11). Phenomenologically we know
This allows us to expand x 1 around Eq.(V.23). Eq.(V.20) then gives
Combining Eqs.(V.11), (V.21) and (V.24), we obtain
Here we neglected (4π) −2 g W ′ f f ln(M W /M W ′ ) corrections. We also used the tree level formula
We next use the renormalization group equations Eq.(III.9) in order to evaluate 25) . We obtain
We next turn to the T parameter formula Eq.(V.12). Using the renormalization group equations Eqs.(III.3), (III.38) and the matching condition Eq.(III.32), we find β (2) (M W ′ ) in Eq.(V.12) can be expressed as
(V.29) Combining Eq.(III.29) and Eq.(III.30), we see
For the one loop evaluation of β (2) , it is enough to evaluate x 1 and m t at tree level. We use the value of x 1 renormalized at the M W ′ scale
We thus find The 95% CL allowed region in the (S, T ) plane is then given by The region surrounded by the solid (dashed) curve satisfies the 95% CL constraint Eq.(VI.8) for cutoff Λ = 4.3TeV (3.0TeV). We emphasize that the W ′ boson needs to have non-zero g W ′ f f in order to satisfy the precision electroweak constraints. This is in sharp contrast to the tree level analysis [56] , where the ideal delocalization [51] implies completely fermiophobic W ′ . The KK fermion mass is also severely constrained. We find M > ∼ 1.8TeV
for M W ′ = 380GeV and Λ = 4.3TeV. The change of the cutoff assumption to Λ = 3.0TeV affects little in Figure 2 . The dependence on the cutoff assumption is not significant in this numerical analysis. Figures 3 and 4 show similar plots for M W ′ = 500GeV and for 600GeV. We see the KK fermion lower mass bound becomes much severer for heavier M W ′ . This severe constraint on M essentially comes from the T parameter constraint through the KK top-quark loop effect [56] . Figure 5 shows the bound on the KK fermion mass M as functions of M W ′ . Here g W ′ f f is tuned so as to maximize the likelihood in the fit. Again, we find the cutoff dependence is rather small.
We now turn to the bounds on M W ′ . As shown in Ref. [56] , the LEP-II triple gauge vertex bound gives a lower bound on the W ′ mass
As depicted in Figure 5 , the lower bound on the KK fermion mass M increases monotonically for increasing M W ′ . In order to keep our effective theory analysis sensible, we need to require
The requirement Eq.(VI.10), combined with Figure 5 , leads to upper bounds on the W ′ boson mass
for Λ = 4.3TeV, and
for Λ = 3.0TeV. 
VII. CONCLUSIONS
Does the three site Higgsless model survive the electroweak precision tests at loop? In this paper, we have positively answered to this question, explicitly showing that there exists a parameter region in which both S and T are consistent with the present bounds. We have obtained compact formulas for S and T at the one loop level, written in terms of physical observables such as the KK gauge boson mass M W ′ , the KK fermion mass M , and the W ′ couplings with light quarks and leptons
It has been shown, however, that the W ′ f f couplings and the KK fermion mass M are severely constrained. Especially, unlike the tree level analysis on the ideally delocalized fermion, it has been shown that perfectly fermiophobic W ′ is inconsistent with the electroweak fit. Small but non-zero value of g W ′ f f is required.
So far, collider phenomenology of Higgsless W ′ bosons has been analyzed assuming perfectly fermiophobic W ′ [73, 74] . 2 We found small g W ′ f f of order 1 × 10 −2 -3 × 10 −2 of g W is required to be consistent with the precision electroweak data. Note that such a W ′ boson is still effectively fermiophobic at the Tevatron collider. Actually, the production cross section σ(qq → W ′ ) is suppressed 1 × 10 −4 -1 × 10 −3 compared with a W ′ boson having the standard model coupling strength. The existing direct search limit on W ′ from the Tevatron[79] cannot be applied for such an effectively fermiophobic W ′ . Nevertheless, it should be interesting to investigate the LHC sensitivity toward such a small g W ′ f f coupling.
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